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1 Entropy

In the last lecture, we discussed reversible and irreversible processes, linking
them to reversible and irreversible changes in the state of an isolated system.
We explored the idea that we could distinguish between these two types of
state changes via a single state function, the entropy S.

• The entropy is a state function: S = S(state). Furthermore, it is
additive; S12 = S1 + S2 for a system with subsystems 1 and 2.

• Entropy is unchanged in a reversible state change. That is, S(f) =
S(i) and so ∆S = 0. For a reversible state change, entropy increases:
S(f) > S(i), and so ∆S > 0. In all cases, ∆S ≥ 0.

• When heat is added to a system, then the entropy changes by an
amount proportional to the heat added:

∆S = ΓQ (reservoir) dS = Γ δQ (general) (1)

where Γ depends on the properties of the system.

• The quantity Γ in fact depends only on the temperature of the system:
Γ = Γ(T ). Every system has the same function Γ(T ). Furthermore,
Γ(T ) is a decreasing function: if T1 > T2, then Γ(T1) < Γ(T2).
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Our remaining puzzle was to determine this universal function Γ(T ). To do
this, we appeal to the detailed behavior of one system that we know a lot
about: the ideal gas.

We have seen that an ideal gas has three important properties:

• Equation of state: PV = νRT .

• In free expansion, the temperature of the gas does not change. This
means that the internal energy is a function of T only: E = E(T ).

• At constant volume, the heat capacity C of an ideal gas is constant (at
least over a wide range of temperatures). We often write C in terms of
the molar specific heat c:

C = νc = ανR, (2)

where α is a numeric constant. (For a monatomic gas like helium, we
find α = 3/2. For a diatomic gas like nitrogen, we find α = 5/2.) Of
course, this means that at constant volume δQ = C dT .

We will use all three of these properties in our analysis.
First, consider the isothermal expansion of an ideal gas from V1 to V2.

Since T is constant, the energy does not change during this process. Thus,

dE = δQ− δW = 0 (3)

and so δQ = δW = P dV during the expansion. The change in entropy is

∆S =

∫

1→2

dS =

∫

1→2

Γ(T ) δQ

= Γ(T )

∫

1→2

P dV

= νRT Γ(T )

∫ V2

V1

dV

V

∆S = νRT Γ(T ) ln

(
V2

V1

)
. (4)

If we knew the function Γ(T ), we could determine the entropy change of the
gas in isothermal expansion. We do note that if V2 > V1, then ∆S > 0 for
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the gas; this makes sense because the same state change can be accomplished
by (irreversible) free expansion.

Next, consider a constant volume process in which we add heat to an
ideal gas. Then the entropy change is

∆S =

∫
Γ(T )δQ = C

∫ T2

T1

Γ(T ) dT. (5)

Again, if we knew the function Γ(T ), we could determine ∆S.

Now consider two ideal gas states 1 and 2, plotted on the TV plane as
shown below.

We can accomplish the state change 1→ 2 by two possible paths. The first
path consists of a constant-V heating from T1 to T2 (segment a) followed by
an isothermal expansion at T2 from V1 to V2 (segment b). The second path
consists of an isothermal expansion at T1 from V1 to V2 (segment c) followed
by a constant-V heating from T1 to T2. The key fact is that the net change
in entropy S must be the same along either path, since S is a state function:

∆S = S(2)− S(1) = ∆Sa + ∆Sb = ∆Sc + ∆Sd. (6)

We observer that the constant-V heating contributions are the same for either
path:

∆Sa = ∆Sc = C

∫ T2

T1

Γ(T ) dT. (7)

Therefore, we know that ∆Sb = ∆Sd. That is,

νRT1 Γ(T1) ln

(
V2

V1

)
= νRT2 Γ(T2) ln

(
V2

V1

)

T1 Γ(T1) = T2 Γ(T2). (8)
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That is, the combination T Γ(T ) is a constant that is independent of T . By
choosing our units for entropy, we can make this constant take on any value
we wish. The simplest choice is 1. Thus,

Γ(T ) =
1

T
. (9)

Though we have derived this for an ideal gas, the function Γ(T ) is uni-
versal, applying to every sort of system. Therefore, we can now give explicit
formulas for all of our previous results:

• The entropy change of a system is related to the heat added to the
system:

∆S =
Q

T
(constant T ) dS =

δQ

T
(general). (10)

• For an ideal gas, we have two processes:

– Constant T : ∆S = νR ln

(
V2

V1

)
.

– Constant V : ∆S = C

∫ T2

T1

dT

T
= ανR ln

(
T2

T1

)
.

Since we can now calculate the entropy difference between any two states
(given by T and V ) for an ideal gas, we can write down a formula for S(T, V )
up to an unknown constant S0:

S(T, V ) = ανR lnT + νR lnV + S0. (11)

(The constant S0 may depend on the number of moles ν.)

We now are ready to state the Second Law in terms of entropy.

There exists an additive state function S called entropy such that
if heat δQ is added to a system, then

dS =
δQ

T
. (12)

For any process in an isolated system,

∆S ≥ 0. (13)
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This formulation implies the original Clausius formulation as a corollary. If
the only result of a process is that an amount of heat δQ > 0 is transferred
from system 1 to system 2, then

dS = −δQ
T1

+
δQ

T2

=

(
1

T2

− 1

T1

)
δQ ≥ 0, (14)

which implies that T1 ≥ T2.

2 Adiabatic expansion

When an ideal gas expands adiabatically, its temperature decreases. We
previously used a complicated argument to arrive at the resulting relation
between pressure and volume for such an expansion. However, the concept
of entropy gives us a much easier way to the same result.

If the gas exchanges no heat while it expands quasi-statically, then its
entropy remains constant. Therefore, for the ideal gas we can say that

ανR lnT + νR lnV = νR ln (T αV ) = const. (15)

It follows that TαV = const (for a different constant, of course). Since
PV ∝ T ,

PαV 1+α = const (16)

and therefore (raising both sides by the power 1/α)

PV γ = const (17)

where γ = 1 + 1/α.
This is exactly the result we obtained previously. For the monatomic gas

helium, α = 3/2 and thus γ = 5/3. For the diatomic gas nitrogen, α = 5/2
and thus γ = 7/5.

3 Heat engines

A heat engine is a device M that extracts heat q from a warmer reservoir (at
temperature TH), does work w (which may be stored in a reversible battery)
and expels waste heat q′ into a colder reservoir (at temperature TC). The
device itself operates in a cycle, returning to its original state.
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The net change in the entropy of the system is

∆S = − q

TH
+

q′

TC
. (18)

Since we must have that ∆S ≥ 0, it follows that

q

TH
≤ q′

TC
TC
TH

≤ q′

q
. (19)

The efficiency η of a heat engine is the ratio of the work output and the
heat input. That is, η = w/q. Even before the First and Second Laws of
Thermodynamics were formulated, Sadi Carnot realized that the heat engine
with the greatest efficiency would be a reversible heat engine, one whose cycle
of operation consisted entirely of reversible processes. Every reversible heat
engine, of whatever design, would have exactly the same efficiency when
operating between two given reservoirs.

The concept of entropy makes these ideas almost obvious. The work
output of the engine is w = q − q′, the heat input minus the waste heat.
Thus,

η =
w

q
= 1− q′

q
≤ 1− TC

TH
, (20)

where equality holds for a reversible heat engine (∆S = 0). The maximum
possible heat engine efficiency if a function only of the two temperatures TH
and TC .
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To give a specific example, suppose the heat engine draws its heat input
from a reservoir at TH = 373 K and expels its waste heat into a reservoir
at TC = 273 K. (These are the boiling and freezing point of water under
ordinary conditions.) Then the maximum efficiency, also called the Carnot
efficiency is just

η = 1− 273

373
= 0.268. (21)

The heat engine can convert no more than 26.8% of the heat input into work;
the remaining 73.2% (or more) must be expelled as waste heat. Note that
this “waste” is not due to some imperfection in the design of the heat engine.
It is a necessary consequence of the Second Law.

We can use an ideal gas to create a specific model for the Carnot engine.
The gas undergoes a cyclic process shown below.

In stage a, the gas expands isothermally at the higher temperature TH , draw-
ing heat from the warmer reservoir. The gas is then isolated and expands
adiabatically in stage b, reducing its temperature to TC . The gas is now
recompressed isothermally, shown in stage c, during which time it expells
heat into the colder reservoir. Finally, the gas is compressed further in an
adiabatic process (stage d) returning the gas to its original state. Note that
each stage can be done quasi-statically, and the only heat transfer occurs
between systems at the same temperatures. The whole four-stage process is
therefore reversible.

The shaded area represents the net work W done by the gas “engine”
during the operating cycle. By the First Law, the energy change in the gas
is ∆E = Q−W = 0, and so W = Q.
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