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1 Reversible and irreversible processes

The last lecture on the First Law was based on two big ideas:

• The internal energy of a system is a state function: E = E(state).

• Energy is conserved: ∆E = Q−W , where Q is the heat input and W
is the work output of a system.

This lecture is also based on two ideas that are just as big:

• Some processes are reversible and some are irreversible.

• There exists a state function called the entropy S that distinguishes
between reversible and irreversible processes.

Like the ones behind the First Law, these new ideas will require a bit of
explanation and development.

A process is reversible if we can arrange for it to go exactly backwards.
Let us designate the initial state of our system by i and the final state by
f . The original process P runs i → f , and the reversed process P̄ runs
f → i. If process P is reversible then we know that some reversed process P̄
is possible. This reversed process P̄ looks exactly like P itself, only backwards:
it has exactly the same stages and interactions with the surroundings, but
these occur in the opposite order.
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The concept of a reversible process is tricky. An exactly reversible process
is an idealization of the real world—like a frictionless surface or a perfectly
rigid body. The laws of mechanics do not depend on those idealized objects,
but they are extremely useful tools for explaining those laws in a simple
way. Similarly, the laws of thermodynamics do not really depend on the
existence of exactly reversible processes in nature. However, we will find
that idealization to be extremely useful as we explore the laws and their
meaning.

Here is an example of a process that is not reversible. In free expansion, a
gas is initially confined to one-half of a container, the other side being empty.
A barrier is removed and the gas expands to fill the whole volume. But if
we do the same thing in reverse—start with the gas in the whole volume and
then re-introduce the barrier—then we do not end up with the gas confined
to one-half of the volume. Thus, the free expansion of a gas is an example of
an irreversible process.

Of course, we can compress the gas back to its original volume, then ex-
tract heat until the internal energy has been returned to its original value.
This does “reverse” the process of free expansion, in a sense. But this pro-
cess requires external resources (a source of work, a way to expel heat) to
accomplish. When we think about reversibility, we must take are to include
all of the relevant systems in our thinking.

Can expansion (or compression) of a PVT system be done in a reversible
way? Consider the process shown here:

As the fluid in the cylinder expands, it does work by lifting a weight mg.
(Both the fluid and the weight are part of the system.) This work increases
the potential energy of the weight. In the reverse process, the weight de-
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scends, losing potential energy and compressing the fluid. We assume that
gravity and the pressure of the fluid are the only forces acting on the moving
weight—no friction is present, for instance.

The weight can only be lifted by the piston if the pressure force is at least
as large as the weight: PA ≥ mg. The weight can push the piston down
only if its weight is at least as large as the pressure force: mg ≥ PA. We
conclude that, for the process to make sense in both directions, the weight
and the pressure force must be in equilibrium: PA = mg. If the forces are
in equilibrium (or nearly so), the gas will change volume and the weight will
move only very slowly.

The preceding discussion assumes that the pressure P does not change as
the system expands. Suppose it does; how can we maintain force equilibrium?
One way is shown below. Instead of a single weight, we are lifting a pile of
sand. To one side we have a vertical stack of little sand reservoirs. As the
fluid expands, its pressure decreases. To compensate, we move a little sand
from the pile and carry it horizontally (no work required) to the appropriate
reservoir.

The sandpile gets smaller as the piston rises, and the forces are always in
balance. In the reverse process, a small amount of sand is taken from the
reservoir at each level, gradually increasing the size of the sandpile as it
descends. The weight difference between the rising and falling sandpile at
any level—the difference that determines whether the sandpile will (slowly)
rise or (slowly) descend—can be as tiny as we like. A single grain of sand
would be enough. The process can therefore be done in a way that is as
nearly reversible as we wish.

To sum up, our system can do work reversibly provided no friction is
present, the forces are essentially in equilibrium at every moment, and the
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process proceeds extremely slowly. Work done by the system is “stored” as
some kind of potential energy, for example in the lifting of a weight in a
gravitational field. Such a process that proceeds very slowly, very close to
equilibrium is called a quasi-static process.

What about heat transfer? Under what circumstances is the transfer of
heat reversible? If we put two systems in contact with each other, heat flows
from the warmer system to the colder one; but the reverse process (colder
→ warmer) does not occur. That sort of heat flow is therefore irreversible.
However, if two systems are at the same temperature, heat can flow in either
direction.

Our discussion has established the following facts:

• Irreversible processes include free expansion of a gas, motions subject
to friction or forces out of equilibrium, and heat flow between systems
of unequal temperatures.

• Reversible processes include quasi-static expansion or compression of
PVT system, gradual motions without friction in which forces are in
equilibrium, and heat flow between systems of equal temperatures.

2 The Second Law

Let’s find a more formal way of stating a fact mentioned from the last section:
Heat always flows from a warmer system to a colder system, and not in
the opposite direction. This is a basic observation upon which our entire
discussion of irreversibility depends. However, we must be careful to avoid
misunderstandings.

For example, consider a refrigerator. This is a device that removes heat
from a colder system (the interior of the refrigerator) and expels it into the
warmer surroundings. At first this seems to go against our basic observa-
tion about heat flow. But a closer analysis reveals that something else also
happens in the refrigerator’s operation. The refrigerator requires an external
source of energy to operate.

It is convenient to imagine the refrigerator as a small device R acting
between two thermal reservoirs (the colder interior and the warmer exterior).
This scheme is shown below.
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The refrigerator device acts in a cycle, with no net change to its own state.
Some external agency does work w on R during the cycle. The refrigerator
draws an amount of heat q from the colder system and deposits an amount
of heat q + w in the warmer system.

We can see how the First Law works out for each of the three systems in
this diagram:

system Q W ∆E = Q−W
warmer q + w 0 q + w
colder −q 0 −q

R −w w 0

Since w > 0, the refrigerator expels more heat into the surroundings than
it removes from the interior. Some other system—the power source of the
refrigerator—must lose energy.

So it is possible for heat to flow from a colder system to a warmer system—
but something else must also occur for this to happen. This suggests a careful
formulation that agrees with all of our observations:

No process can have as its sole result the transfer of heat
from a colder system to a warmer system.

This is one form of the Second Law of Thermodynamics. It was first stated
by Rudolf Clausius. The phrase “as its sole result” is key. It means that,
if a process transfers heat from a warmer system to a colder system, some
other state change must occur somewhere—like the external work input of
the refrigerator.
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A kind of “degenerate” version of a refrigerator is one that takes in work
and expels heat, but does not remove heat from any system. In a diagram
form, this would look like this:

That is,

system Q W ∆E = Q−W
reservoir q 0 q

C −q −w 0

Since the system C must operate in a cycle (so ∆E = 0, as shown), we
require that q = w. All of the work input to C is expelled into the reservoir
as heat.

This is just an abstract version of Count Rumford’s experiment with
boring cannot. An external force does work via the boring machine and the
hot brass of the cannon expels heat into the surroundings. The cannon itself
undergoes no net change. This does not really depend on anything about
how hot the reservoir is; we can in principle design a machine that dissipates
work as heat into a reservoir of any temperature.

3 Entropy

We now want to shift our attention from reversible and irreversible processes
to reversible and irreversible changes of state.

What is the difference? Consider a system that has many parts—fluids
in cylinder-piston containers, thermal reservoirs, weights that can be lifted
or lowered, and so on. The system is completely isolated, so it does not
exchange heat or work with the outside world. Here’s a picture:
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Now suppose that the system undergoes a process P that takes it from some
initial state i to a final state f . If the process P is irreversible, then the
system cannot follow an exactly reversed P̄ consisting of the same stages in
the opposite order, taking the system from f back to i. But could there be
another process—call it P′—that could return the isolated system from f to
i?

If P′ exists, then the original process P is effectively reversible, since we
can undo all of the changes that P makes to the system. We may then say
that i → f is a reversible state change. But if no P′ exists that can undo
the effect of P, then the change i→ f produced by P is an irreversible state
change.

Consider, for instance, the example of heat transfer from one system to
another. If the two systems have different temperatures, the Second Law
tells us that this is an irreversible process. The process produces a change
in state in which the warmer system loses internal energy and the colder
system gains it. The Second Law tells us that no process exists—even a very
complicated one—that can exactly undo this. Therefore, the state change is
also irreversible.

It turns out that there is an exact connection between the two concepts
of reversibility.

• Reversible processes produce reversible state changes.

• Irreversible processes produce irreversible state changes.

The first of these facts follows from our previous discussion. If the reversed
process P̄ exists, then we can use it to accomplish the reverse change in state.
But the second fact is a new idea, which can be justified only by an appeal to
experiments and observations. These experiments and observations confirm
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that it is true. What is more, this fact leads us to one of the most important
ideas in all of physics.

Our claim is that we can tell if a process P on an isolated system is
irreversible by examining only the initial and final states, i and f . In other
words, there exists some property of the system state that can diagnose
whether a change of state is irreversible. We use the term “property” because
we do not yet know what sort of idea we need here. This property is in fact
a state function called the entropy, denoted by S.

By introducing S, we making a whole set of assumptions. We are assum-
ing that a single numerical quantity is sufficient to determine the reversibility
of state changes. We will also assume that this state function is additive, like
energy—that the entropy of a composite system AB is just SAB = SA + SB,
the sum of the entropies of the subsystems. Unlike the energy, however, the
entropy of an isolated system can change.

• A state change i → f is reversible only if the entropy is the same for
the two states: ∆S = S(f)− S(i) = 0.

• A state change i→ f is irreversible if the entropy changes. The “irre-
versibility” idea is reflected in a rule that entropy can only change in
one direction. By convention, we define S so that ∆S = S(f)−S(i) > 0
for an irreversible process.

So far, our idea of entropy is just that, an idea. We do not (yet) know
how to calculate it or use it. To make the entropy idea work, we will have to
investigate things in more detail. We can begin by making a few observations
to guide our thinking.

• The entropy S of a gas increases in free expansion. In general, a rapid
change of state that takes place far from equilibrium is associated with
an increase in S.

• In a quasi-static process, the work W done by a system does not affect
its entropy. As we have seen, the expansion of a PVT system can
be accomplished in a reversible way. The same is true for work done
by other systems as well. We can always “store” the work reversibly
as potential energy of some kind (just as we did when we used the
expansion of a fluid to lift a weight in a gravitational field).
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• Heat transfer, on the other hand, can be associated with entropy changes.
Heat transfer from a warmer system to a cooler system produces a net
change in the entropy of the overall system.

The last observation tells us that entropy change will be connected to the
Second Law. Notice that it is the overall change in entropy that matters.
The individual parts of the system may increase or decrease.

Here is a useful example. Consider an ideal gas that undergoes free ex-
pansion from volume Vi to Vf . This is an irreversible state change—the gas
never spontaneously recompresses itself into a smaller volume—and so we
suppose that the entropy of the gas increases.

But now imagine that the ideal gas is part of a larger system that also
includes a thermal reservoir and a weight that may be raised or lowered. We
expand the gas slowly and isothermally, extracting heat from the reservoir
and storing the work by lifting the weight.

The gas undergoes exactly the same change of state as before—it increases
volume Vi → Vf and maintains the same temperature and internal energy.
Since the entropy Sgas of the gas is a state function, it must increase exactly as
before. However, now the overall process is reversible. We can isothermally
compress the gas using the same reservoir and weight. The total entropy
of the system has not changed. There is no entropy change associated with
raising the weight. Therefore,

∆S = ∆Sgas + ∆Sres = 0. (1)

Since ∆Sgas > 0, it must be that ∆Sres < 0 when heat is extracted from the
reservoir. In the reverse process, heat is added to the reservoir and ∆Sres > 0.

Focusing on the reservoir system, we arrive at two facts about (quasi-
static) heat exchanges:
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1. When heat is added to a reservoir, its entropy increases.

2. When heat is removed from a reservoir, its entropy decreases.

We make the reasonable postulate that the amount of entropy change should
be proportional to the amount of heat that is transferred to or from a reser-
voir. That is, ∆S ∝ Q. We can therefore write

∆S = ΓQ (2)

where the proportionality factor Γ > 0 might depend on various properties
of the reservoir.

We have considered thermal reservoir systems, whose their temperatures
do not change appreciably when we input some heat into them. But any
system can act like a reservoir if only tiny amounts of heat are exchanged.
Thus, the entropy of any system is increased by heat input or decreased by
heat output. In general, a tiny amount of heat input δQ is related to a tiny
change dS in entropy by

dS = Γ δQ (3)

where Γ depends on the state of the system.

Why do we write δQ instead of dQ for a tiny amount of heat?
Properly speaking, the infinitesimal dx describes a tiny change in
the value of some variable x. Heat is not a state function, so the
tiny amount of heat δQ is not really a tiny change in anything.
Entropy, however, is a state function, so a tiny change of it may
be written dS.1

Now suppose that we have two systems A and B. A positive amount of
heat δq is transferred from A to B, so that −δQA = δQB = δq. This means
that dSA = −ΓAδq < 0 and dSB = ΓBδq > 0. Overall,

dS = (ΓB − ΓA) δq. (4)

When the two systems are at the same temperature, then the heat transfer is
reversible, and dS = 0. Thus ΓA = ΓB. Remarkably, this fact is completely

1The same point holds true for work. Thus, we should have written δW instead of dW
in various places in previous lectures.
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independent of the other properties of the system! Therefore, the propor-
tionality factor Γ depends only on the temperature of the system. We can
write it Γ(T ).

When TB > TA, then the heat transfer is not reversible, and so dS > 0.
This means that Γ(TB) > Γ(TA). That is, the higher the temperature of a
system, the lower its Γ factor.

When heat δQ is added to a system, its entropy changes by
dS = Γ(T ) δQ, where Γ(T ) is some decreasing function of the
temperature T of the system.

For a thermal reservoir, we can add a finite amount of heat Q and not change
the temperature (or Γ) appreciably. Then ∆S = Γ(T )Q.

Suppose A and B start out with TA > TB, and then heat flows from A to
B. When we add heat to a system, its temperature increases; the opposite
is also true. The heat transfer therefore has two effects:

• The entropy increases: ∆S = (Γ(TB)− Γ(TA))δq > 0.

• The temperatures of the systems get closer together.

It is apparent, therefore, that when the systems are in equilibrium (equal T ),
the entropy is at its greatest value. Equilibrium is a condition of maximum
entropy.

Our results are suggestive, but so far they are largely conjectural. We
still do not know the all-important factor Γ(T )! This is about as far as
we can go without a more detailed analysis of reversible and irreversible
processes. We have obtained only a first glimpse of an important principle:
some state changes are irreversible, and this irreversibility is associated with
the increase of some (as yet unknown) state function S. It remains to do the
work of turning that glimpse into a full picture.
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