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1 Basics

Thermodynamics may be roughly defined as what we know when we know
almost nothing. Consider, for instance, a particular sample of gas. On a
microscopic scale, the gas is immensely complicated. If we could somehow
see the molecular-scale details of the gas, we would see trillions upon trillions
of molecules in ceaseless rapid motion, undergoing countless collisions with
each other (and with the walls of the container) every second. The mind
boggles at such dizzying complexity.

In practice, though, all of this fantastic detail is utterly beyond our knowl-
edge. We only see the macroscopic (large-scale) properties of the gas, and
they turn out to be pretty simple. If we know just a few well-chosen pieces of
macroscopic information—the values of a handful of large-scale quantities—
then we know almost everything worth knowing about the gas.

In fact, a gas is an example of a PVT system, whose large-scale situation
(or macrostate) can be characterized by just three basic numbers:

• The pressure P of the system. Pressure is the outward force per unit
area of a container enclosing the system; it has units of N/m3 (Newtons
per square meter).

• The volume V occupied by the system. This obviously has units of m3

(cubic meters).

1



• The temperature T of the system. We will measure T using the absolute
temperature scale, so it is measured in Kelvins (K). A temperature
difference of 1 K is the same as 1◦ C, but the absolute scale sets 0 K
at absolute zero, or -273.15◦ C.

Other quantities, such as the total internal energy E of the system, are func-
tions of P , V and T . Thus E = E(P, V, T ). Such quantities are called state
functions, because we can calculate them just from the present macroscopic
state of affairs.

A PVT system could be a gas, a liquid or a solid. Indeed, if our system
is a sample of water, it could be in any of those states, depending of the
particular values of P , V and T . The important idea is that these are the
only variables that matter. Other things—like the shape of the system, for
instance—are not important.

Since the shape does not matter, we can choose something simple to
make our analysis easier. For instance, we can conveniently imagine that the
system sits inside a cylindrical enclosure with a movable piston at one end,
as shown below:

The system exerts a total force F on the piston, which has a cross-sectional
area A. The pressure is thus

P =
F

A
. (1)

Similarly, if the piston is displaced by dx, the change in volume of the system
is dV = Adx.

One nice thing about this arrangement is that we can easily see how to
fix the value of any one of our basic variables. To fix the pressure P , we can
balance the pressure force on the piston against a fixed external force. To fix
the volume V , we can clamp the piston in a particular location. To fix T , we
can surround the piston by a large environment—a “heat bath” or “thermal
reservoir”—at that temperature.

When we do experiments on our system, we find that the values of P ,
V and T are not independent of each other. For most PVT systems, if we
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fix two of the state variables, the third one is completely determined by the
internal physics of the system. For instance, if we fix the pressure P and
the temperature T as we have described, the system expands or contracts to
occupy a particular volume V . Mathematically, we say that the variables P ,
V and T are governed by an equation of state. We do not (yet) specify the
exact relationship, but we do assume that one exists.

The practical upshot is that the macrostate of the system is really deter-
mined by just two variables, which could be P and T (or P and V , or T and
V ). The third variable V (or T , or P ) follows from the equation of state.

2 Ideal gas

A particularly simple type of PVT system is an ideal gas. Many real gases
are nearly ideal, especially at low pressures and high temperatures. The
equation of state of an ideal gas is extremely simple:

PV = νRT, (2)

where ν is the number of moles of gas present in the system and R is the gas
constant, which has a value of 8.314 J/K mol.

A “mole” is a name for a number, something like the term “dozen”. Each
mole of a particular gas contains a fixed number NA (Avogadro’s number) of
molecules. A gas containing ν moles contains N = νNA molecules.

Equation 2 is called the ideal gas law. It expresses in extremely compact
form a very large number of empirical facts about gases. Here are three.

• Boyle’s Law (Robert Boyle, 1662). At a constant temperature T , pres-
sure P and volume V are inversely proportional to each other.

• Charles’s Law (Jacques Charles, 1780’s). At a constant pressure P , the
volume V is proportional to the absolute temperature T .

• Avogadro’s Law (Amedeo Avogadro, 1811). At a given pressure P
and temperature T , equal volumes of two different gases contain equal
numbers of molecules—that is, if Va = Vb, then νa = νb.

Although Avogadro figured out that there was a particular number NA, he
did not know how big molecules were and so had no idea how big this number
must be. The value of NA was not accurately measured for almost a century
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after Avogadro proposed his law. We now know that NA = 6.022 × 1023

/mol.
We can write Equation 2 in several different forms, each of them useful in

different ways. For example, if we want to count molecules instead of moles,
we can say

PV = NkT, (3)

where k = R/NA, a quantity called Boltzmann’s constant. This version of
the ideal gas law is “microscopic” rather than “macroscopic”—or in different
terms, “molecular” rather than “molar”.

Here is another example. Suppose M is the molar mass, the mass of one
mole of a gas. The total mass of the gas is νM , and so the density ρ is

ρ =
νM

V
. (4)

This yields an ideal gas law of the form

P =
ρRT

M
. (5)

This is neat because it does not refer to the total volume or mass of the entire
sample of gas. In other words, it is “local” rather than “global”.

If µ is the mass of one molecule, then the molar mass M = NAµ. There-
fore,

P =
ρkT

µ
, (6)

a version of the ideal gas law that is both local and microscopic. Of course,
all four versions of the ideal gas law that we’ve given are exactly the same.

To get a feeling for the ideal gas equation of state (in all its various forms),
we can apply it to the most familiar gas, the air near the surface of the Earth.
This gas has a pressure P of about 1.01 × 105 Pa. Typical temperature is
about 295 K, and the molar mass is around 0.029 kg/mol. This last figure
is an average of nitrogen gas (N2) at 0.028 kg/mol, and oxygen gas (O2)
at 0.032 kg/mol. With this information we can easily answer questions like
these:

• What is the volume of 1 mole of air? (Ans: about 1/40 m3.)

• What is the density ρ of air? (Ans: about 1 kg/m3.)
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• How many air molecules are there in 1 cm3? (Ans: about 2× 1019.)

We’ve given some very rough answers, but you should be able to calculate
everything to more significant figures.

3 The PV plane

Since any two state variables determine the third one, we can represent the
state of an ideal gas (or other PVT system) by a point in a plane. Trans-
formations of the system will shift the point from one location to another.
We can choose any pair of variables as our basic coordinates; but it will be
interesting later on to think about the PV plane.

In the PV plane, the pressure P is plotted on the vertical axis and the
volume V is on the horizontal axis. Let’s imagine a PVT system starts out
in a particular state, and then expands. The point representing the state
must move to the right.

But how? That depends on the physical conditions under which the
expansion takes place.

• If we hold P = constant, then the state point simply moves horizontally
to the right. (This is the situation in Charles’s Law. We increase the
temperature T to cause the volume to expand.)

• If we hold T = constant, then we have what is called an isothermal
expansion of the gas. The ideal gas law then tells us that the pressure
diminishes as the volume increases. This traces out a downward swoop-
ing curve. The curve is in fact a hyperbola, described by the condition
that PV is unchanged along it.

• If we insulate the gas and prevent any heat from being exchanged,
then the pressure decreases as the gas expands, but at the more rapid
rate than before. The downward swooping curve on the PV plane goes
down more steeply than in the isothermal process. A process in which
no heat is exchanged is called an adiabatic process.

These three curves are shown below.
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The adiabatic process is quite interesting. The curve is not quite a hy-
perbola. What sort of shape is it? Temperature is not constant along that
curve. What is constant? These are important questions, to which we shall
return at a later time.

4 Other equations of state

Not every PVT system is an ideal gas. For example, consider an incom-
pressible fluid. (Most liquids are nearly incompressible.) In such a fluid, the
volume V = νV0, where V0 is the volume of one mole. P and T are completely
independent and do not affect volume at all.

An even more interesting example is a van der Waals fluid, whose equation
of state was proposed by Johannes van der Waals in 1873. Here is the van
der Waals equation of state:

(
P +

aN2

V 2

)
(V −Nb) = NkT. (7)

Everything is defined as before. The new constants a and b are related to
short-range forces between the molecules of the gas. They depend on the
type of gas present.

Without going into to much detail, we can see that the van der Waals
equation can describe quite different kinds of gas under quite different situa-
tions. For example, if the gas occupies a very large volume (V is very large),
then

P +
aN2

V 2
≈ P and V −Nb ≈ V,
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leading to PV = NkT , the equation of an ideal gas. A sparse van der Waals
fluid is effectively an ideal gas. On the other hand, suppose the pressure
term is not small, but the T is near zero. Then NkT ≈ 0, which means that
V −Nb ≈ 0. Thus,

V ≈ Nb = νV0,

where V0 = NAb. At low temperatures, the van der Waals fluid is nearly
incompressible (i.e., a liquid).

Finally, we can think of the thermal radiation in an enclosure as a kind of
photon gas. Then it turns out that the pressure and temperature are related
(but are independent of V ). The equation of state is

P =
1

3
aT 4 where a = frac8π515

k4

(hc)3
(8)

in terms of Boltzmann’s constant k, Planck’s constant h, and the speed
of light c. The equation of state of a photon gas would be important in
situations where the photon pressure was significant, like the interior of a
hot star or the era of the cosmos just after the Big Bang.

For now, though, the exact forms of these equations of state do not really
matter. The point is that there are lots of interesting PVT systems that are
not ideal gases.

5 Beyond PVT systems

Other kinds of macroscopic system have an equation of state. For example,
let’s consider a stretched rubber band. The basic variables are

• The tension force F in the rubber band, measured in Newtons.

• The length L of the rubber band, measured in meters.

• The absolute temperature T of the rubber band.

This is an “FLT” system. A particular rubber band has an equilibrium length
L0 when F = 0.

A theoretical equation of state for a rubber band (approximated by some
real rubber band) was worked out by Guth and James in the 1930’s. For
small amounts of stretching, the law looks like this:

F = AT (L− L0), (9)
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where A depends on the material of the band, its thickness, etc.
Here’s a question to ponder about the Guth-James law. If we hold F

constant (perhaps by hanging a weight from the rubber band) and increase
T , how does the length L change? Does this remind you of any lecture
demonstration we did?

Guth and James actually worked out a more complicated law, which looks
like this:

F = CT

(
L

L0

− L2
0

L2

)
. (10)

Equation 9 can be recovered by obtaining an approximation to this equation,
valid when L−L0 is small. (This would yield a relation between the constants
A, C and L0. It is a worthwhile exercise in calculus to derive the simpler law
from the more complicated one; try it if you like.)

We won’t do much with stretched rubber bands until later in the semester.
The point here is simply to note that other systems besides PVT systems
may be described by just a few numbers, and that the state variables of these
systems may be connected by an equation of state.
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